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NMR-Derived Order Parameters: Application to
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mechanical derivations give very similar results so long as the square of
the order parameter of the bond vector is less than 00.95. For a given
change in order parameter, the change in conformational entropy is
sensitive to the model employed, with the absolute value of the entropy
change increasing with the number of degrees of freedom in the model.
The entropy-order parameter profile calculated from a 1.12 ns molecular
dynamics trajectory of fully hydrated Escherichia coli ribonuclease HI is
well fit using a simple expression based on a model assuming bond vector
diffusion in a cone, suggesting that it may well be possible to extract
meaningful entropy changes reflecting changes in ps-ns time scale motions
from changes in NMR-derived order parameters. Contributions to the
conformational entropy change associated with a folding-unfolding
transition of an SH3 domain and calculated from changes in rapid N-HN
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Introduction

Many biological processes, including protein
folding, intermolecular protein-protein interactions
and protein-ligand interactions, are accompanied
by potentially significant entropy and enthalpy
changes (Duntz 1995; Lee et al., 1994; Weber,
1995; Brooks et al., 1988; Schellman. 1987). An
understanding of the stability and function of
biomolecules requires a description of the three-
dimensional structures of such molecules, knowl-

edge of their thermodynamic parameters and how
such parameters vary upon a change of conditions
(e.g. ligand binding). Experimentally, global ther-
modynamic values that characterize a net change in
the system associated with a transition between two
states have been measured from optical methods
(Schmid, 1989; Viguera et al., 1994) such as circular
dichroism and fluorescence or by calorimetric
approaches (Plum & Breslauer, 1995) such as
scanning and titration calorimetry. Recently
Markley and co-workers (Dzakula et al., 1992a,b,
1996) have developed a method for analyzing
rotamer populations from NMR spin-spin coup-
lings and nuclear Overhauser (NOE) enhance-
ments. In favorable cases this approach allows the
characterization of the thermodynamics of internal
rotation. On the theoretical side, molecular dynam-
ics and Monte Carlo simulations in principle allow
estimation of thermodynamic parameters in some

Abbreviations used: A, Helmholtz free energy; Ndrk
SH3, amino-terminal SH3 domain from the protein
drk; NMR, nuclear magnetic resonance; p(j),
probability density function for bond j; S, entropy; SLZ,
order parameter; Z, partition function; z(j), NMR
observable contribution to the partition function from
bond vector j.
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detail and offer the possibility of localizing changes
in such values to particular sites in the molecule
(Brooks et al., 1988; McCammon & Harvey, 1987).
However, extraction of meaningful values from
such simulations does require the use of accurate
force-fields, simulations of sufficient length and
care that the system under study is in equilibrium
(van Gunsteren, 1993).

NMR spin relaxation experiments can provide
important information about molecular dynamics
extending over a wide range of timescales (Palmer,
1993; Dayie et al., 1996; Wagner, 1993). With
the recent development in heteronuclear, multi-
dimensional NMR it has become possible to obtain
motional information about a large number of sites
in a labeled molecule (Nirmala & Wagner, 1988,
1989; Kay et al., 1989). A significant number of
studies have appeared in the literature making use
of 15N and 13C spin relaxation methods to study
backbone dynamics (Clore et al., 1990; Stone et al.,
1992; Kordel et al., 1992; Peng & Wagner, 1992;
Nicholson et al., 1995; Farrow et al., 1994) and more
recently an approach for studying side-chain
dynamics in proteins was described employing 2H
relaxation measurements (Muhandiram et al., 1995;
Kay et al., 1996). Heteronuclear relaxation exper-
iments typically provide heteroatom T1 and T2

relaxation values as well as steady-state heteronu-
clear nuclear Overhauser enhancements. These
measurables are subsequently interpreted in the
context of motional models. A particularly power-
ful approach is the so-called ‘‘model-free’’ analysis
described by Lipari & Szabo (1982a,b), which in its
simplest form allows extraction of an overall
rotational correlation time, a correlation time that
characterizes internal dynamics and an order
parameter that describes the amplitude of the
internal motions from NMR relaxation time
measurements.

Very little literature has appeared on the relation
between thermodynamic parameters such as en-
tropy and parameters derived from NMR relax-
ation experiments. However, as we describe in
more detail below, both the entropy and the order
parameter of a bond vector depend on the
distribution of orientations of the vector and it is
therefore possible to derive a relation between
changes in order parameter and changes in
entropy, providing this distribution is known. The
advantage of linking changes in NMR-derived
parameters to changes in thermodynamic quan-
tities is that it becomes possible to determine
changes in such parameters at each site for which
NMR-derived information is available. Akke et al.
(1993) recognized this advantage and in an
important recent paper those authors related free
energy changes to changes in NMR-derived order
parameters. In addition, the authors applied the
method to calculate energy changes, on a per-
residue basis, that occur upon ion binding to the
protein calbindin D9k.

Here, we consider a system undergoing a
transition between two states, a and b and derive

a relation between conformational entropy changes
and changes in NMR-derived order parameters that
accompany this transition. Because the order
parameters reflect only on rapid ps-ns timescale
dynamics, only the contributions to conformational
entropy derived from these motions can be
calculated. We show that although for certain
classes of motional models the calculated entropy
change associated with an order parameter change
is reasonably independent of the model considered,
in general extraction of meaningful changes in
entropy requires a knowledge of the motional
properties of the bond vector under consideration.
In order to establish whether a particular motional
model can approximate motions in proteins, we
have examined a 1.12 ns molecular dynamics
trajectory of fully solvated Escherichia coli ribonucle-
ase HI (Philippopoulos & Lim, 1995). The results
indicate that the conformational entropy versus
order parameter profile calculated for backbone
N-HN, Ca-Ha and side-chain N-HN bond vectors in
the protein is extremely well approximated by the
profile obtained assuming a diffusion-in-a-cone
model. On the basis of these results, we estimate the
contributions to the change in conformational
entropy from ps-ns time scale motions, on a
per-residue basis, that occur upon folding of an
SH3 domain.

Theory

Statistical mechanics provides a powerful ap-
proach for connecting macroscopic properties of a
given system such as the Helmholtz free energy, A,
or the entropy, S, with its microstates (Nash, 1974).
In the case of S and A this can be accomplished by
noting that:

S = −(1A/ 1T )v (1)

and

A = −kT ln ZTOT (2)

where T is the absolute temperature, k is
Boltzmann’s constant and ZTOT is the partition
function of the system from which it is possible
to evaluate all of its essential thermodynamic
properties. Assuming that all of the molecules in
the system are completely uncoupled (i.e. that no
force acts between the molecules), ZTOT can be
written as

ZTOT = ZN/N! (3)

where N is the number of identical molecules, Z is
the molecular partition function, and the factor N!
corrects for overcounting the number of dis-
tinguishable states in a system of N identical
molecules, assuming Boltzmann statistics (Nash,
1974). Z can be further factored into a product
of partition functions, each of which describes
statistically independent degrees of freedom within
each molecule. Accordingly, we write:

Z = ZUZO, (4)
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where ZO is the contribution to Z arising from bond
vector fluctuations that can be measured in NMR
relaxation experiments and ZU is the remaining
contribution from all other sources. Finally, under
the further assumption that each fluctuating bond
vector is independent of all others, it is possible to
recast equation (4) as:

Z = ZU t
j

z(j ) (5)

where the product extends over all j bond vectors
in the molecule and the partition function, z(j ) is
given by:

z(j ) = Si exp4 − Ei (j )/(kT )5. (6)

In equation (6) the summation includes all of the
energy states, Ei , of the bond vector. Note that the
assumption of independence of bond vector
motions can result in an over-estimate of the value
of the partition function (Akke et al., 1993). Thus the
methodology described will yield upper-bounds on
the thermodynamic parameters calculated from
z(j ). The validity of the assumptions implicit in
equations (4) and (5) is discussed further below. The
total entropy of the system, STOT, can be calculated
from equations (1), (2) and (5) according to:

STOT = N(SU + SO) − k ln N! (7.1)

SO = Sj 14kT ln z(j )5/ 1T (7.2)

SO(j ) = 14kT ln z(j )5/ 1T (7.3)

where SO and SU are the contributions to the total
entropy per molecule from motions that either are
or are not observed in NMR relaxation exper-
iments, respectively, and SO(j ) is the component of
SO arising from bond j. Equation (7.3) indicates that
once the partition function, z(j ), is calculated it is
straightforward to estimate SO(j ).

The partition function can be calculated in a
number of different ways, depending on whether a
classical or quantum mechanical treatment of the
problem is used. In the quantum formulation z(j )
is derived directly from equation (6) and the
quantized energy states Ei must be known. The
entropy for the jth bond can then be calculated
directly from equations (6) and (7.3) to give:

SO(j )/k = −Sipi (j )ln4pi (j )5 (8)

where pi (j ) is the well-known Boltzmann equation
given by:

pi (j ) = exp4 − Ei (j )/(kT )5/Si exp4 − Ei (j )/(kT )5 (9)

In contrast, the classical approach assumes that
there is a continuum of states, such that the energy
difference between any two successive states is
much less than kT. In this case, the summation of
energy states, Ei , in equation (6) can be replaced by
the integral (Hill, 1986; Fowler & Guggenhein,
1965):

z(j ) = h−LfpL,qL exp4−Ej (p, q)/(kT )5dpLdqL (10)

where p and q are the momenta and coordinates of
the particles that comprise the bond vector in
question (see Methods), L is the number of degrees
of freedom and Ej (p, q) is the energy of bond j. In
what follows the subscript j is omitted.

It is straightforward to show that for both one
(1D) and two-dimensional (2D) internal rotation the
partition function can be written as:

z(j ) = f(T )fv exp4−U(q)/(kT )5dv, (11)

where dv = df (1D) or dv = sinu du df (2D) and
f(T ) is given by (1/h) (2pIkT)0.5 and (1/h2) (2pIkT)
in the 1D and 2D cases, respectively (see Methods
for details). In the Methods section we show that for
z(j ) given by equation (11) it is possible to write the
entropy contribution from rotation of bond vector
j as:

S(j )/k = ln f(T ) + Td4ln f(T )5/dT

− fvp(q)ln4p(q)5dv (12)

where p(q) is the probability density function given
by:

p(q) = exp4−U(q)/kT5/fv exp4−U(q)/kT5dv (13)

Note that for the case where U(q) = 0, equation (12)
becomes:

S(j )/k = ln f(T ) + Td4ln f(T )5/dT + ln4fv dv5 (14)

Therefore:

S(j,U(q))/k − S(j,U(q) = 0)/k

= −fvp(q)ln4p(q)5dv − ln4fv dv5 (15)

where S(j,U(q)) and S(j,U(q) = 0) correspond to the
contributions to the entropy from bond vector j in
the presence and absence of a potential U(q),
respectively. The effect of a non-zero potential,
U(q), is to change the entropy of the system by an
amount given by the right-hand side of equation
(15). Note that the quantity ln 4fv dv5 is in-
dependent of U(q) and thus it suffices to consider
how the quantity:

Sp (j )/k = −fvp(q)ln4p(q)5dv (16)

changes in the calculation of entropy differences
arising from changes in U(q). In what follows we
refer to Sp (j ) as the conformational entropy. The
first two terms in equation (12) are related to the
kinetic energy and providing that the kinetic
energy does not differ between states a and b, the
change in rotational entropy between these two
states, DS(j ), is equal to DSp (j ). It is instructive to
note the analogy between equations (9) and (13).
Note that neither p(q) nor Pi (j ) depend on the
magnitude of the ground state energy, that is:

p(q) = exp4−U '(q)/(kT )5/fv exp4−U '(q)/(kT )5dv

(17.1)

pi (j ) = exp4−E 'i (j )/(kT )5/Si exp4−E 'i (j )/(kT )5
(17.2)

where U '(q) = U(q) + UO and E 'i (j ) = Ei (j ) + EO;
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therefore S(j ) is also independent of UO and EO.
This feature is particularly important because it
implies that in calculating the entropy change
between two states, DS(j ), the difference in ground
state energies between the two states is insignifi-
cant. Unfortunately, this is not the case in the
calculation of Helmholtz or Gibbs free energy
changes associated with the transition (Akke et al.,
1993). Finally, it is significant to note that
S(j,U(q)) − S(j,U(q) = 0) E 0 for U(q) e 0, since
the total entropy of the system must decrease with
decreasing degrees of freedom (i.e. as the potential
energy increases). Therefore, from equation (15) we
can write:

Sp (j )/k = −fvp(q)ln4p(q)5dv E ln4fv dv5 (18)

Although there is an upper bound for Sp (j ) (Sp (j )/
k E ln42p5 or ln44p5 for 1D or 2D internal rotation,
respectively) the value of Sp(j ) can indeed be
negative, as shown later. However, the total
entropy that a given vector contributes to the
system, S(j ) (i.e. from potential and kinetic energy
terms), must always be non-negative; this is
illustrated in Methods.

According to the formalism of Lipari & Szabo
(1982a, b) it is possible to interpret NMR relaxation
parameters in terms of an order parameter, SLZ,
which is related to the amplitude of a given bond
vector’s motion and a number of correlation times
describing the timescale of the dynamics. The value
S2

LZ is defined according to:

S2
LZ = (4p/5)Sr =Sip(ui , fi )Y2r (ui, fi )=2 (19)

where Y2r (ui , fi ) is a spherical harmonic of rank 2
(−2 E r E 2), and (ui , fi ) are polar angles describ-
ing the ith orientation of a bond vector in some
molecular coordinate system. Assuming a normal-
ized probability distribution function, p(q),
equation (19) can be modified to:

S2
LZ = (4p/5)Sr =fvp(q)Y2r (q)dv=2 (20)

in analogy to equations (9) and (13), where
p(q) = p(f), Y2r (q) = Y2r (u0, f) and dv = df for
one-dimensional internal rotation at an angle of u0

about some symmetry axis and p(q) = p(u, f),
Y2r (q) = Y2r (u, f) and dv = sinu du df for two-di-
mensional internal rotation. Note that the order
parameter, like Sp (j ), depends only on the
probability distribution and not on the absolute
energy. Inspection of the equations for confor-
mational entropy, Sp , and for S2

LZ suggests that it
should be possible to relate the two. To do so, the
quantum energy values must be known if a
quantum mechanical based description of entropy
is to be derived (see equations (6) to (9)) or the
potential energy surface must be available if a
classical derivation is to be employed (equations
(10) and (12)). It is generally the case that a classical
calculation of entropy changes from changes in
rotational degrees of freedom is adequate (Karplus
& Kushick, 1981). Nevertheless, we feel that it is
important to include a number of simple examples
comparing both quantum mechanical and classical

derivations of the Sp versus S2
LZ profile to establish

the values of S2
LZ for which the classical description

breaks down. To the best of our knowledge this
question has not been addressed in the literature. A
number of examples are illustrated in Methods
involving the motion of a bond vector on the
surface of a cone, subject to different potential
energy functions.

The results in Methods indicate that for
S2

LZ E 0.95, classical and quantum mechanical
treatments give similar values of entropy. In
general, for complicated potential functions, U(q),
it is very difficult or impossible to solve the
Schroedinger equation to obtain the quantized
energy values necessary for a proper quantum
mechanical derivation. With this in mind and
recognizing the limitations associated with the
classical formalism, in what follows we consider
a number of different potential functions and
evaluate the relation between S2

LZ and the contri-
bution to conformational entropy arising from
bond vector fluctuations using the classical ap-
proach detailed above and in Methods. This will
allow an assessment of how changes in confor-
mational entropy associated with changes in order
parameters depend on the model considered.

Results and Discussion

As described in the Introduction, the goal of this
work is to develop an approach for relating changes
in NMR-derived order parameters to changes in the
conformational entropy due to changes in bond
vector fluctuations between two states. Unfortu-
nately, the potential surface dictating the trajectory
of bond vectors in macromolecules is not known in
great detail. Therefore, it is important to establish
whether exact knowledge of potential functions is
necessary to extract meaningful values of entropy
changes from relaxation measurements. Table 1
lists ten motional models that we have considered
in evaluating the relation between conformational
entropy, Sp , and S2

LZ. Several of the models that have
been chosen are commonly used in the interpret-
ation of NMR relaxation data in terms of motional
parameters. These models provide a simple
physical interpretation of the molecular dynamics.
Some of the other models that have been
considered do not provide a straightforward
physical picture and are intended only to investi-
gate how sensitive the Sp versus S2

LZ profile is to the
mathematical form of the particular model. For
simplicity we describe the models by giving the
probability density, p(u, f). Once p(u, f) is known
it is possible to evaluate conformational entropy,
Sp , directly from equation (16).

The first two models in Table 1 are discussed in
detail in Methods and describe motion of a bond
vector on the surface of a cone of angle u0. In the
first model motion is governed by a harmonic
potential, while the second model assumes that the
probability of each value of f, for 0 E f E f0, is
equal and non-zero. Model 1 is related to the
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Table 1. Probability density functions used to calculate Sp versus S2
LZ profiles

Model Probability density function, p(q)

1 exp(−hf2/2)/f2p
0 exp(−hf2/2)df, u = u0; 0 for u $ u0

2 1/(f0) for 0 E f E f0, u = u0; 0 for f > f0 or u$u0

3 1/4f0(1 − cosu0)5 for 0 E u E u0 and 0 E f E f0; 0 for u > u0 or f > f0

4 1/f2p
0 fuB(f)

0 sinu du df, where uB(f) = (cos2f/u2
S + sin2f/u2

L)−1/2

5 (1/2p)exp(−hu2)/fp
0 exp(−hu2)sinu du

6 (1/2p)exp(−h sin2u)/fp
0 exp(−h sin2u)sinu du

7 (1/2p)exp(−hu4)/fp
0 exp(−hu4)sinu du

8 (1/2p)exp(−h sinu)/fp
0 exp(−h sinu)sinu du

9 (1/2p)(1 + hu6)−1/fp
0 (1 + hu6)−1sinu du

10 (1 + h1u6 + h2f6)−1/f2p
0 fp

0 (1 + h1u6 + h2f6)−1 sinu du df

Gaussian axial fluctuation model suggested by
Bruschweiler & Wright (1994). Note that for each
value of the force constant h (model 1) or f0

(model 2) there are unique values of Sp and S2
LZ. The

model most widely used to describe internal
motion is diffusion-in-a-cone (Brainard and Szabo,
1981: model 3 in Table 1). Typically in this case, it
is assumed that the bond vector in question
diffuses freely in the angular region 0 E u E u0,
0 E f E 2p. We have extended this model some-
what by considering the case of free diffusion
within the boundary 0 E u E u0, 0 E f E f0. For
this particular model, as for the first two examined,
it is possible to provide an analytical solution. The
values of S2

LZ and Sp (model 3) are given by:

Sp /k = ln4f0(1 − cosu0)5 (21.1)

and

S2
LZ = cos 2u0(1 + cos u0)2/4 + 2/3

sin 6u0(1 − cosf0)/4(1 − cosu0)2f2
05 + 3/8

(cosu0 − (1/3)cos3u0 − 2/3)2(1 − cos 2f0)/

4(1 − cos u0)2f2
0 5 (21.2)

Yamasaki et al. (1995) have analyzed the dynamics
of the backbone N-HN bond vectors of RNase HI
using a 420 ps molecular dynamics trajectory of the
protein. The authors note that the distribution of
the majority of the backbone N-HN bond vectors
can be approximated by the diffusion-in-a-cone
model. However, the distributions were, in general,
elliptic, with the long axis of the ellipse perpendicu-
lar to the plane defined by the N-HN and N-Ca bond
vectors. Model 4 provides a description of such a
trajectory, where uS and uL are the minimum and
maximum semi-angles that the bond vector makes
on the surface of the cone, respectively. We show
below that models 3 and 4 give very similar S2

LZ

versus Sp profiles for values of uS and uL typically
observed in molecular dynamics trajectories
(uL/uS02).

Models 5 to 9 describe motions of bond vectors
that are axially symmetric. Model 5 is similar to
the diffusion-in-a-cone model with f0 = 2p, except
that the distribution of bond vectors about the
symmetry axis is Gaussian. The next example,
model 6, describes the case where there are two
distributions of bond vector motions, centered at
u = 0 and p. This gives rise to a ‘‘double-cone’’ type

of motion, which has been observed in a number of
molecular dynamics trajectories (Yamasaki et al.,
1995) and used to interpret 15N relaxation data for
the protein, interleukin-1b (Clore et al., 1990).
Models 7 to 9 are included to allow an assessment
of how different forms for axially symmetric
probability densities affect estimate of Sp from S2

LZ

values. Finally, a simple example of a non-axial
probability distribution is considered in model 10
and will be discussed later.

Figure 1 illustrates the relation between Sp and
S2

LZ for a number of the models considered in
Table 1 (model 3 with f0 = 2p and models 5 to 9).
Note that for values of S2

LZ extending from about 0.1
to 0.7 the entropy decreases with increasing S2

LZ in
a linear fashion (dSp /dS2

LZ 0 −2.7 k). As the value
of S2

LZ increases from 00.7 there is a rapid decrease
in Sp . Recall from the discussion above that for
values of S2

LZ greater than 00.95 the classical
approach breaks down and therefore the results of
Figure 1 are no longer valid. While the profiles
associated with these different models (i.e. model 3
with f0 = 2p and models 5 to 9) are clearly distinct,
it is important to note that for a given change
in order parameter, the change in conformation
entropy is relatively independent of the model
considered. This is illustrated in Table 2 (column 2),

Figure 1. Conformational entropy, Sp (classical deri-
vation) versus S2

LZ for (w) model 3 (f0 = 2p), model 5
(, , , ,), model 6 (– – – –), model 7 (– · – · – ·), model 8
(· · · ·) and model 9 (——).
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Table 2. Conformational entropy changes associated with ps-ns
timescale bond vector fluctuations for defined changes in order
parameters

Average DSp DSp Average DSp DSp

DS2
LZ (models 3 − 9) (eqn 24) (models 1,2) (model 10)

(S2
LZ,b − S2

LZ,a) (J/mol K)a (J/mol K) (J/mol K) (J/mol K)

0.05 − 0.95 31.99 2 1.74 30.50 19.13 2 0.44 45.70
0.10 − 0.90 24.11 2 0.74 23.15 14.91 2 0.24 33.66
0.15 − 0.85 19.20 2 0.46 18.46 12.26 2 0.00 26.30
0.20 − 0.80 15.49 2 0.56 14.85 9.67 2 0.31 21.23
0.25 − 0.75 12.44 2 0.46 11.82 7.66 2 0.27 16.40
0.30 − 0.70 9.56 2 0.29 9.15 5.97 2 0.32 12.67
0.35 − 0.65 6.98 2 0.30 6.70 4.24 2 0.08 9.27
0.40 − 0.60 4.54 2 0.27 4.39 2.91 2 0.08 6.15
0.45 − 0.55 2.22 2 0.17 2.18 1.49 2 0.17 3.06

a In model 3 two cases were considered: f0 = 2p and f0/u0 = 2; model 4,
uL/uS = 2; model 10 h1/h2 = 1.

where for a given change in the value of S2
LZ the

average value of DSp and the standard deviation
of DSp is given for models 3 to 9 (model 3, for
f0 = 2p and for f0/u0 = 2; model 4, uL/uS = 2). While
models 3 to 9 given similar values of DSp , Table 2
shows that models 1 and 2 give significantly lower
values, while model 10 predicts a much larger
change in DSp for a given change in order
parameter. Thus, Table 2 indicates that, in general,
values of DSp can be very much dependent on the
model used to describe the bond vector motion.
This is discussed more fully below.

In the case of diffusion-in-a-cone (model 3) with
f0 = 2p, it is of interest to note that for S2

LZ E 1/64
there is not a 1:1 correspondence between entropy
and order parameter. In fact, for S2

LZ < 1/64 there
are three values of Sp that are possible for every
value of the order parameter. For this model an
analytical expression connecting Sp and S2

LZ can be
derived from equation (21) and is given by:

Sp/k = ln p[3 − (1 + 8SLZ)1/2], 0 E S2
LZ E 1

Sp/k = ln p[32(1 − 8SLZ)1/2], 0 E S2
LZ E 1/64 (22)

Although it is not possible to derive equations
relating Sp and S2

LZ for the majority of models
considered in Figure 1, an approximate relation:

Sp/k = A + ln p[3 − (1 + 8SLZ)1/2] (23)

where A is a model-dependent constant fits these
profiles remarkably well. This is illustrated for a
number of the models in Figure 2. That a single
model is able to fit the data so well is perhaps not
surprising, considering that (1) each of models 3 to
9 describes motion within a solid volume and (2)
each of models 5 to 9 depend only on a single
parameter (h) with the same holding true for
models 3 and 4, provided that the value of f0

(model 3) and the ratio of uL/uS (model 4) are fixed.
In contrast, models 1 and 2 describe motion on a
surface and it is clear from inspection of Table 2 that
for a given DS2

LZ there will be significant differences
in DSp depending on whether the model employed
is one that describes motion within a solid volume
or on a surface. Not surprisingly, the model that

confines the motion to the surface predicts smaller
entropy changes.

Note that the entropy-order parameter profiles of
all models considered to this point depend on only
a single parameter (e.g. h in models 1 and 5 to 9;
f0 in model 2; u0 in model 3 with f0 = 2p). In order
to evaluate how the entropy versus order parameter
profile changes with increasing complexity of the
model employed, consider diffusion-in-a-cone with
0 E u E u0, 0 E f E f0, u0/f0 E 1 (i.e. 0 < u0 E p
and u0 E f0 E 2p). This is a special case of model
3, but unlike previous discussions of model 3, the
condition f0 = 2p is now relaxed. For each
randomly selected value of u0 within the range of
0 < u0 E p, a value of f0 satisfying u0 E f0 E 2p is
chosen. For each (u0, f0) pair, a probability density
p(u, f) = 1/4f0(1 − cosu0)5, 0 E u E u0, 0 E f E f0

is obtained, from which the values Sp and S2
LZ are

calculated in the manner described in detail above.
A plot of Sp versus S2

LZ obtained from 2000 (u0, f0)

Figure 2. Conformational entropy, Sp (classical deri-
vation) versus S2

LZ for (w) model 3 (u0/f0 = 0.5), model 5
(, , , ,) and model 6 (– – – –). Each profile is fit to
equation (23) and the best fit is indicated with the
continuous line. Values of A are −0.11, 0.34 and 1.02 for
models 3, 5 and 6, respectively; see equation (23).
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Figure 3. Conformational entropy, Sp versus S2
LZ using

the diffusion in a cone model (model 3 Table 1) with
a probability density p(u, f) given by p(u, f) = 1/
4(1 − cosu0)f05, u0/f0 E 1. Sp was calculated using the
approach based on classical statistics described in the text
with 2000 (u0, f0) values chosen randomly. For compari-
son, the case of f0 = 2p is plotted with the continuous
line.

Figure 4. Conformational entropy, Sp (derived classi-
cally) versus S2

LZ illustrating the differences in DSp that are
predicted for a given change in order parameter using a
number of different models. Models 1 (, , , ,), 3 (w,
u0/f0 = 0.5), 4 (——, uL/uS = 2) and 10 (– – – –, h1/h2 = 1)
are considered.

significant number of such investigations have
appeared in the literature (Philippopoulos & Lim,
1995; Yamasaki et al., 1995; Chandrashekhar et al.,
1992; Smith et al., 1995; Palmer & Case, 1992). Here,
we have made use of a 1.12 ns molecular dynamics
trajectory of fully solvated E. coli ribonuclease HI
(RNase HI) kindly provided by C. Lim and M.
Philippopoulos, to address whether any of the
models considered above are suitable to describe
bond vector dynamics that occur in proteins. (Note
that in the original paper (Philippopoulos & Lim,
1995) a 500 ps trajectory was reported; since the
time of publication of this work the simulation has
been extended to 1.12 ns.) Values of S2

LZ and Sp were
calculated from a 1.12 ns trajectory using only the
final 800 ps, as described in detail in Methods. In
the analysis we have included backbone N-HN and
Ca-Ha bond vectors as well as all side-chain N-HN

bond vectors whose correlation functions converge
during the course of the trajectory (see Methods).
Remarkably, the Sp versus S2

LZ profile is well fit by
equation (23) with A = 0 (Figure 5); that is, given the
limitations of the RNase HI molecular dynamics
simulation considered here (see below), the data
suggest that the diffusion-in-a-cone model (with
f0 = 2p) can be used to estimate conformational
entropy changes from changes in order parameters
for both backbone N-HN and Ca-Ha and side-chain
N-HN bond vectors. This statement is not meant to
imply that the motion of the bond vectors in RNase
HI is accurately described by model 3. Although we
do find that for the majority of cases the (u, f) bond
vector distribution is reasonably approximated by
the cone model, the distribution is not at all
uniform.

It must be emphasized that only a single protein
dynamics simulation has been considered and that
the trajectory of only 800 ps was included in the

pairs is illustrated in Figure 3. For comparison, the
case of f0 = 2p is considered and is indicated by the
continuous line in the Figure. Note that there is no
longer a 1:1 correspondence between Sp and S2

LZ for
any value of the order parameter. Additional
simulations have shown that when the restriction
u0/f0 E 1 is relaxed, the spread in entropy values
associated with a given order parameter increases
significantly. Clearly, in these cases a given change
in order parameter cannot be interpreted in terms
of a defined change in conformational entropy.

Figure 4 illustrates further the difficulties
associated with relating entropy changes to order
parameter changes when the model describing the
motion of the bond vector in question is not known.
A number of different models are shown, selected
from the examples illustrated in Table 1 to
articulate this point. It is clear that as the motion
becomes less restricted there is a corresponding
greater entropy change associated with a particular
change in order parameter. For example, for model
1, which describes oscillatory motion on the surface
of a cone, a change in S2

LZ from 0.8 to 0.2
corresponds to DSp of 10 J/mol K, while model 3
with f0 = 2p gives DSp = 15 J/mol K. In contrast,
model 10 with h1/h2 = 1, predicts that for the same
change in the order parameter, DSp = 21 J/mol K.
These results, summarized in Table 2, strongly
suggest the importance of understanding bond
vector motion prior to correlating changes in
NMR-derived motional parameters with changes in
thermodynamic parameters, such as confor-
mational entropy.

Insight into motions of bond vectors in complex
macromolecules such as proteins can be obtained
from molecular dynamics simulations and a
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Figure 5. Conformational entropy, Sp versus S2
LZ

calculated from the final 800 ps of a molecular dynamics
trajectory of the (hydrated) protein RNase HI (Philippo-
poulos & Lim, 1995). Backbone N-HN and Ca-Ha(·), and
side-chain N-HN bond vectors (w) are included.

relaxation data are available on the macromolecule
in both states. The change may be the result of the
binding of a ligand to a macromolecule or the
binding of one macromolecule to another. The
methodology provided here and by Akke et al.
(1993), links NMR-derived motional parameters
with thermodynamics quantities, allowing extrac-
tion of thermodynamic values on a per-residue
basis. This type of residue-specific information
cannot be obtained with other non-NMR-based
experimental approaches.

As described in Theory, a number of important
assumptions are involved in any attempt to relate
NMR-derived dynamics parameters with contri-
butions to conformational entropy associated with
ps-ns timescale bond-vector dynamics. Specifically,
we have assumed that the partition function
describing the molecular system can be factored
into two independent contributions arising from
NMR-observable and NMR-unobservable motions.
In the event of a correlation between such motions,
the entropy calculated from the equations derived
herein will represent an upper estimate (Akke et al.,
1993). Some insight into the ‘‘interplay’’ between
dynamics occurring on different timescales can be
obtained by examination of a number of NMR
relaxation studies. Stone et al. (1992) studied the
backbone dynamics of the glucose permease IIA
domain by 15N relaxation methods and concluded
that there was no relation between the calculated
Rex values, which are indicative of motions on
the ms-ms timescale and either te values or the
measured amide proton exchange rates. Note that
te values are sensitive to ps-ns motions, while
amide exchange measures dynamics on ms or
longer timescales. Kordel et al. (1992) noted three
distinct categories of correlation between backbone
order parameters (reporting on ps-ns dynamics)
and amide hydrogen exchange rates for the case of
calcium-loaded calbindin D9k. Some residues
displayed slow solvent exchange and high order
parameters, some showed rapid exchange with
solvent and low order parameters, while yet
another category with rapid solvent exchange and
high order parameters exists. Thus, the data
indicate that there need not be a correlation
between high flexibility on the ps-ns time scale and
a high propensity for flexibility in the ms time
regime. Kay et al., (1996) compared the ps-ns
dynamics at the interface of an SH2-phosphopep-
tide complex with the lineshapes of crosspeaks in
the complex (Pascal et al., 1995). Notably, broaden-
ing of the aliphatic resonances of the four Arg
residues in the phosphotyrosine binding region
was observed, due to the modulation of their
chemical shifts by ms-ms timescale motion. Broad-
ening is not observed in any other region of the
binding interface. In contrast, there was no
indication for above-average ps-ns motions at the
phosphotyrosine site, while other regions of the
binding site (the hydrophobic binding region)
showed high levels of ps-ns dynamics. Thus, the
data indicate no evidence for correlation between

above analysis. NMR relaxation experiments are
sensitive to motions with frequencies on the order
of the inverse of the molecular correlation time or
faster (Lipari & Szabo, 1982a, b), although in some
cases information can be extracted about much
slower processes through a field-dependent T2

study or a set of T1r experiments (Deverell et al.,
1970; Szyperski et al., 1993; Akke & Palmer, 1996).
Thus, a 1.12 ns trajectory is clearly of insufficient
length to completely sample the range of confor-
mations that would be reported on by NMR
relaxation experiments. Nonetheless, the results
illustrated in Figure 5, though incomplete, are
extremely encouraging. The development of faster
computers and more efficient computational algor-
ithms will facilitate the recording of longer
dynamics trajectories, leading to significant im-
provements in our understanding of molecular
dynamics. In the absence of such data at present,
however, we propose to approximate the contri-
bution to the change in conformational entropy
associated with the transition from state a to state
b, and arising from changes in ps-ns timescale bond
vector fluctuations in the two states, by using the
cone-model. For this case:

DSp (j )/k = ln4[3 − (1 + 8SLZ,b)1/2]/

[3 − (1 + 8SLZ,a)1/2]5 (24)

where SLZ,a and SLZ,b are the order parameters of the
bond in states a and b, respectively. Assuming that
there is no change in kinetic energy from state a to
state b, it follows that DSp (j ) = DS(j ), where DS(j )
is the total rotational entropy change for bond j,
which includes both kinetic and potential energy
contributions (see equation (12)).

Equation (24) can be used to estimate confor-
mational entropy changes associated with a change
from state a to state b, providing that NMR
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high (ns-ps) and low-frequency (ms-ms) motions in
this molecular complex. The examples provided
above do not, in any way, prove the validity of
equation (4). Nevertheless, they suggest that the
assumption regarding the separation of NMR-ob-
servable motions (ps-ns), which contribute to
rotational entropy (and can be measured by spin
relaxation), from significantly slower processes is at
least a reasonable first-order approximation.

An additional assumption that we and others
(Akke et al., 1993) have made is that each fluc-
tuating bond vector is independent of all others.
Analysis of a 1.12 ns trajectory of RNase HI
indicates that the ps timescale motions of backbone
N-HN bond vectors in well-structured regions of the
molecule are essentially independent. In contrast,
motions of bond vectors within a given side-chain
can show high levels of correlation, although the
extent varies significantly both for different bonds
within a given residue and for different residues. It
is therefore not possible to generalize regarding the
accuracy of equation (5). However, it is possible to
state that in all cases the simplifications may result
in an overestimate in calculated thermodynamic
parameters.

As an example of the utility of the methods
developed, we consider an application measuring
the contributions from rapid bond vector motions to
the conformational entropy change associated with
a folding transition involving the N-terminal SH3
domain of the Drosophila signal transduction
protein drk (drkN SH3). This protein has been
characterized in detail and shown to exist in
equilibrium between a folded and an unfolded form
in aqueous buffer and near neutral pH (Zhang &
Forman-Kay, 1995). We have recently measured 15N
T1, T2 relaxation times and steady-state 1H-15N NOE
values for a system consisting of folded and
unfolded forms of the protein in equilibrium
(Farrow et al., 1995). Values of the spectral density
function of the backbone amide bond vectors for 11
well-resolved residues have been established at a
number of frequencies. In addition, a Lipari-Szabo
analysis of the data has been performed. Table 3
lists the residues that were included in this analysis,
the values of S2

LZ in both the folded and unfolded
states, and the conformation entropy change on a
per-residue basis associated with the folding-un-
folding transition obtained using equation (24). It is
important to recognize that because NMR relax-
ation experiments are sensitive to motions on the
ps-ns timescale, the changes in entropy calculated
in Table 3 reflect only changes in the rapid motions
visible by NMR. Of course, additional contributions
from slower motional processes, other bond vectors
and solvent will be involved in the net entropy
change. In this regard, it is of interest to note that the
magnitude of the entropy change that is observed
(average entropy change per residue of 12 J/mol K)
is similar to the average entropy change per residue
that has been estimated for protein folding from a
number of different techniques (Doog and Stern-
berg, 1995), 014 J/mol K. In the Lipari-Szabo

Table 3. Contributions to the conformational entropy
change associated with the folding-unfolding transistion
of the N-terminal SH3 domain of drk (Zhang &
Forman-Kay, 1995) from ps-ns timescale fluctuations of
N-HN bond vectors
Residue S2

LZ (folded) S2
LZ (unfolded) DSp (J/mol K)

Ala 3 0.86 2 0.01 0.28 2 0.06 16.5 2 1.3
Thr 12 0.77 2 0.01 0.25 2 0.05 12.6 2 1.1
Ala 13 0.77 2 0.02 0.26 2 0.10 12.4 2 2.1
Asp 14 0.83 2 0.01 0.56 2 0.10 9.0 2 2.4
Thr 22 0.93 2 0.01 0.79 2 0.02 9.6 2 1.5
Trp 36 0.91 2 0.02 0.57 2 0.07 14.3 2 2.5
Trp 36' 0.82 2 0.02 0.34 2 0.09 13.1 2 2.0
Arg 38 0.85 2 0.02 0.72 2 0.04 5.7 2 1.8
Gly 43 0.81 2 0.01 0.54 2 0.12 8.5 2 2.8
Gly 46 0.87 2 0.01 0.19 2 0.09 18.9 2 2.0
Ile 48 0.86 2 0.01 0.55 2 0.02 10.9 2 0.8
Ser 50 0.90 2 0.02 0.54 2 0.02 14.1 2 1.8

DSp = Sp (unfolded) − Sp (folded). Data from the indole N-HN

of Trp36 are indicated by Trp36'. Values are calculated from
equation (24).

analysis of the relaxation data it is assumed that a
single correlation time can describe the overall
rotation of the unfolded state. Clearly, this is an
over simplification and indeed a mean value of
tm = 5.8 ns with a standard deviation of 1.5 ns was
obtained for the 11 residues considered in the
unfolded drkN SH3 domain (Farrow et al., 1995). If
optimum tm and S2

LZ values are calculated on a per
residue basis (i.e. if a separate tm value is allowed
for each residue in the unfolded state), the average
entropy change per residue increases by approxi-
mately 10% relative to the value obtained under the
assumption of a single global correlation time. With
the exception of Ile 48, for which DSp increases by a
factor of 1.5, changes in DSp are within 10% when
calculated using the two different methods. While a
precise quantification of entropy changes at a given
site is difficult in the absence of a proper model
describing the dynamics of unfolded protein states,
the result obtained nevertheless suggest that
entropy changes, like changes in free energy, are
comprised of a large number of compensating terms
and that rapid time scale bond vector fluctuations
can contribute significantly to thermodynamic
parameters (Akke et al., 1993).

Concluding Remarks

In this study, relations between conformational
entropy and NMR-derived order parameters have
been established for several models of bond vector
motion. It has been shown in the case of a number
of simple models that classical and quantum
mechanical approaches give very similar Sp versus
S2

LZ profiles, so long as S2
LZ E 0.95. As the complexity

of the motion increases, the absolute entropy
change associated with a given change in order
parameter becomes larger. Thus, the diffusion-on-
a-cone model predicts a smaller change in entropy
than diffusion-in-a-cone, for a defined change in
order parameter. A 1.12 ns molecular dynamics
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trajectory of fully hydrated RNase HI has been
analyzed and an entropy-order parameter profile
generated for backbone N-HN and Ca-Ha, and
side-chain N-HN bond vectors. Remarkably, the
profile obtained can be fit using the diffusion-in-
a-cone model. This allows a simple analytical
expression to be employed relating, on a per-
residue basis, changes in order parameter with
changes in entropy associated with ps-ns timescale
dynamics.

Methods

Calculation of the relation between S2
LZ and Sp from

a molecular dynamics trajectory

The final 800 ps (0.32 to 1.12 ns) of a 1.12 ns RNase HI
trajectory (Philippopoulos & Lim, 1995) was divided into
4000 steps each of 0.2 ps and the effects of overall rotation
removed by a least-squares fitting of backbone Ca atoms
of each of the 4000 structures to the backbone Ca atoms
of the average structure generated by averaging
coordinates for each of the 4000 steps. For each of the
bond vectors, ri , a new z axis direction is given by Sl ri (l),
where the sum extends over all 4000 steps (l = 1, 4000) of
the trajectory. The coordinates of each bond vector are
transformed into this new frame. Note that for each X-HX

bond vector, (X = N or C), the coordinate frame is
centered on the X atom. For each bond vector, (u, f)
values are calculated for each of the 4000 steps according
to the relation u = cos−1(z/r), x = rsinucosf, y = rsinusinf
and r = (x2 + y2 + z2)0.5. In this frame, u extends from 0 to
some maximum value, umax. The probability density
p(u, f) was calculated by dividing the trajectory along u
into 90 equal steps, so that ui = [(i − 1)Du + iDu]/
2 = iDu − Du/2, Du = umax/90. In order to account for the
fact that as ui becomes larger it is increasingly important
to parse f into smaller steps, we used the following
approach. For a given ui , fi is divided into Mi steps each
of size 2p/Mi , where Mi = INT4sin(ui )/sin(Du)5 (i.e. the
first step extends from 0 E fi < 2p/Mi , the second from
2p/Mi E fi < 4p/Mi , etc.). The value of fi in each of the
Mi steps is given by fi,j = [(j − 1)2p/Mi + j2p/Mi ]/
2 = j2p/Mi − p/Mi (1 E j E Mi ). The number of times
that a given bond vector lies within a surface extending
from (i − 1)Du to (i )Du and from (j − 1)2p/Mi E f < 2pj/
Mi is counted and divided by 4000sin(ui )Dui (2p/Mi ) to
give p(ui,fij ). Note that the factor of 4000 takes into
account the number of steps in the trajectory. The values
of Sp and S2

LZ are obtained by the summations:

Sp /k = −Si=1,90Sj = 1, Mi

[p(ui ,fi,j )ln4p(ui ,fi,j )5sin(ui )Dui (2p/Mi )]

and

S2
LZ = (4p/5)Sr=−2,2=Si=1,90Sj=1, Mi

[Y2r (ui ,fi,j )p(ui ,fi,j )sin(ui )Dui (2p/Mi )]=2

The value of S2
LZ was also obtained from equation (19) and

the maximum difference in calculated S2
LZ between the

two methods is less than 0.004. Only the bond vectors
whose trajectories had converged were included in the
calculations. We found empirically that the following
computational approach worked well for removing bond
vectors with trajectories that had not converged. (1) The
normalized scalar product a(t) = 4ri (t)ri (0)5/4=ri (t)==ri (0)=5
was calculated for each of the 4000 time-points, t and a(t)
divided into 40 equal time periods (period 1 extending

for the first 100 time-points, period 2 the next 100, etc.).
The value of a(t) was averaged over the 4000 time-points
to give aavg and averaged over each of the 40 time periods
to give aavg(k). The maximum and minimum values
of aavg(k)4k = 1,405, amax and amin, were selected. If
= (amax + amin)/2 − aavg= > 0.3 then the bond vector was
excluded. (2) The value of a(t) was calculated and a(t)
divided into three equal time periods. The values of a(t)
were averaged in each of the three intervals. If the
difference between the maximum and minimum of the
averaged values was larger than 0.55, the bond vector
was excluded. Using criteria (1) and (2), three of the 149
backbone N-HN vectors, two of the 169 Ca-Ha vectors and
27 of the 139 side-chain N-HN vectors were excluded from
the analysis. The N-terminal amino group was not
considered.

Derivation of equation (12)

From equation (11) and A = −kT ln z(j ) we can
immediately write:

−A = kT ln4 f(T )5 + kT ln4fv exp4 − U(q)/(kT )5dv5 (25)

The contribution from each term on the right-hand side
of equation (25) to the entropy can be evaluated using
equation (1). The first term on the right-hand site of
equation (25) gives:

S1 = k[Td4lnf(T )5/dT + ln4 f(T )5] (26)

while the second term contributes

S2 = k ln[fv exp4−U(q)/(kT )5dv]

+ kT1[ln(fv exp4−U(q)/(kT )5dv)]/1T (27)

We note that:

k ln[fv exp4−U(q)/(kT )5dv]

= kfv'Pdv'[ln(fv exp4−U(q)/(kT )5dv)]

= kfv'P(ln(fv exp4−U(q)/(kT )5dv)]dv' (28)

where P is the probability density given by equation (13),
and:

fv'Pdv' = 1 (29)

In addition, we can write:

kT1[ln(fv exp4−U(q)/(kT )5dv)]1T = (1/T )fvPU(q)dv

= −kfvP ln[exp4 − U(q)/(kT )5]dv (30)

Therefore:

S2 = kfv'P[ln(fv exp4−U(q)/(kT )5dv)]dv'

−kfvP ln[exp4−U(q)/(kT )5]dv

= −kfv'P ln[exp4−U(q)/(kT )5/(fv exp4−U(q)/

× (kT )5dv)]dv' = −kfv'P ln4P5dv' (31)

combining equations (26) and (31) gives:

S = S1 + S2 = k[Td4lnf(T )5/dT

+ ln4 f(T )5] − kfv'P ln4P5dv' (32)

which is equation (12).

Calculation of Sp versus S 2
LZ profiles using both

classical and quantum mechanical derivations

As a means of illustrating the differences (and
similarities) between the classical and quantum mechan-
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ical approaches as well as establish where the classical
treatment becomes invalid, we derive the entropy-order
parameter relation for a backbone N-HN bond vector in
a protein undergoing one-dimensional restricted rotation
about the N-Ca bond axis. In the following we take
the N-Ca bond vector as the z-axis and use a coordinate
system centered on the N atom. Note that the motion of
the N-HN bond vector in this particular case can simply
be described as diffusion on the surface of a cone with an
angle of u0 = 118° with respect to the cone symmetry axis,
given by the N-Ca bond vector.

Example 1: Motion of the N-HN vector in a potential of
the form U(f) = 1/2hf2, −p E f E p. The solution to the
problem based on the classical treatment can be obtained
by writing the energy of the system as:

E = p2
f/(2I ) + 1/2hf2, − p E f E p (33)

where pf is the angular momentum of the backbone HN,
h is a force constant and I is the moment of inertia
for the HN particle that rotates about the z-axis (N-Ca

bond) at an angle of u0 (118° for peptide geometry). We
can write pf = Idf/dt and I = mHr2

NHsin2u0 where d/dt
is a time derivative, mH is the mass of the HN atom, rNH

is the length of the N-HN bond vector and u0 is the angle
that the bond vector makes with respect to the symmetry
axis. Substitution of equation (33) into equation (10)
gives:

z(j ) = 1/h(2pIkT )0.5fp
− p exp4 − hf2/(2kT )5df (34)

and providing that h/kT > 0.5 the limits of integration for
the integral in equation (34) can be replaced by (−a,a).
Numerical simulations indicate that this substitution
introduces an error of less than 3% (h/kT > 0.5). This
yields the simple relation:

z(j ) = (1/h)2pkT(I/h)0.5 (35)

The entropy, S(j ), is readily calculated as:

SCL(j )/k = 1 + ln4(1/h)2pkT(I/h)0.55 (36)

from equation (1), (2) and (35), where the subscript CL
denotes the fact that this is the expression derived for
entropy from classical mechanics. The value of Sp (j ), see
equation (16), is given by:

Sp (j )/k = 0.5 + 0.5 ln(2pkT/h) (37)

The quantum mechanical derivation begins by consider-
ing the Hamiltonian, H:

H = −h2/(8p2I )d2/df2 + (1/2)hf2 (38)

which describes the system. If the boundary conditions
are extended from −p E f E p to −a E f E a, the
Hamiltonian in equation (38) describes the well-known
one-dimensional harmonic oscillator and the eigenvalues
are (Levine, 1974):

Em = hn0(0.5 + m), m = 0,1,2, . . . , n0 = [1/(2p)](h/I)0.5 (39)

The partition function is given by:

Sm exp4−Em (j )/(kT )5 = exp4 − hn0/(2kT )5/

(1-exp4 − hn0/(kT )5) (40)

Numerical simulations show that for the case where
−p E f E p, the first 21 energy states are well
approximated by equation (39) if (2p/h)(hI )0.5 e 4.
Moreover, in the limit that (2p/h)(hI )0.5 e 4 and
h/(kT ) e 0.6, consideration of only the first 21 terms in
the summation of equation (40) results in an error of less
than 4.5%. Therefore, if (2p/h)(hI )0.5 e 4 and h/
(kT ) e 0.6, the partition function can be calculated

accurately from the eigenstates of H given by equation
(39) even for the boundary conditions −p E f E p. The
entropy, SQM(j ), is calculated directly from equations (1),
(2) and (40):

SQM(j )/k = −ln(1 − exp4−hn0/(kT )5)

+ 4hn0/(kT )5/[exp4hn0/(kT )5 − 1] (41)

where the subscript QM is used to indicate that this result
is obtained from the quantum mechanical derivation.

It is straightforward to derive the square of the order
parameter, S2

LZ, from equation (20) providing that the
probability density, p(u, f), describing the orientation of
the N-HN bond vector in a molecular coordinate system
is known. The value of p(u, f) is obtained by the
substitution U(q) = (1/2)hf2, dv = df in equation (13),
from which it follows that:

p(u, f) = exp4−hf2/(2kT )5/fp
− p exp4−hf2/(2kT )5df,

u = u0 (42.1)

= (2pkT/h)0.5 exp4−hf2/(2kT )}, h/(kT ) > 0.5 and u = u0

(42.2)

and:

p(u, f) = 0 for u$u0 (42.3)

Substitution of equation (42.2) into equation (20) gives:

S2
LZ = 1 − 3 sin 2u04cos2u0[1 − exp(−1/a)]

+ 0.25 sin2u0[1 − exp(−4/a)]5 (43)

where a = h/kT. Note that equation (43) has been
evaluated using equation (42.2) for the probability
density, which is strictly valid only for a > 0.5. However,
numerical simulations show that equation (43) is a good
approximation to the true value of S2

LZ even when a <0.5
(i.e. numerical simulations indicated that errors in S2

LZ are
less than 0.02 using equations (42.2) rather than equation
(42.1) for a <0.5).

The curves describing the relation between
[SQM(j ) − SCL(j )]/k and S2

LZ for values of the moment of
inertia, I, set to 1 × 10−46 kgm2, 5 × 10−46 kgm2 and
25 × 10−46 kgm2 and T = 300 K are shown in Figure 6a.
(Note that the value of I for a methyl group rotating
about the methyl 3-fold axis is 0.53 × 10−46 kgm2). It is
clear that for S2

LZ < 0.95 the difference between the values
of entropy calculated using either quantum or classical
approaches is very small 4[SQM − SCL]/k < 0.055 and
relatively independent of the value of I. For S2

LZ = 0.95,
[SQM − SCL]/SQM = 0.05 for I = 1 × 10−46 kgm2 and de-
creases to 0.002 for I = 25 × 10−46 kgm2. However, for
well-ordered systems (S2

LZ > 0.95) the classical and
quantum results diverge, especially for small values of I.
This is due to the fact that the vibrational frequency of
the harmonic oscillator is proportional to I−0.5 and the
spacing between energy states therefore increases with
decreasing I (see equation (39)). As the value of I
decreases, the energy states are no longer continuous (i.e.
Em − Em−1 e kT ) and equation (10) is not valid. The
correct value of the partition function, is of course, still
given by equation (6).

Example 2: Motion of the N-HN vector in a potential of
the form U(f) = 0, 0 E f E f0 and U(f) = a, f > f0.

The calculations are similar to those described above in
the case of the harmonic oscillator and the details are
therefore omitted. We note, however, that this problem
is formally equivalent to the well-known particle in a box
with the dimension of the box replaced by f0 and the
moment of inertia, I, substituted for the mass of the
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Figure 6. Comparison of the total entropy calculated
using either a quantum mechanical approach (SQM) or a
classical approach (SCL) as a function of order parameter
squared, S2

LZ. In a and b the difference between SQM and
SCL is plotted, while in c and d the absolute values of SQM

and SCL are indicated. A model of bond vector motion on
the surface of a cone at an angle of 118° with respect to
the cone symmetry axis is considered. A value of T
= 300 K is used. In a and c a potential of the form
U(f) = 1/2hf2 is assumed, while in b and d free diffusion
for 0 E f E f0 is considered. Values of I (moment of
inertia) of 1 × 10−46 kgm2 (· · · ·), 5 × 10−46 kgm2 (——) and
25 × 10−46 kgm2 (– – – –) are included in a and b. In c and
d a value of I = 1 × 10−46 kgm2 is used and the results of
the classical and quantum calculations are indicated by
a continuous and dotted line, respectively. Note that the
quantum results give S e 0 (see Methods).

Figure 7. Conformational entropy, (Sp ), derived
classically, as a function of S2

LZ for model 1 (——) and
model 2 (· · · ·). Both models assume bond vector motion
on the surface of a cone at an angle of 118° with respect
to the symmetry axis. Note that the limiting value of S2

LZ

is 0.25 (3cos2u0 − 1)2, with u0 = 118° for both models. For
model 1, Sp was calculated numerically from equations
(16) and (42.1), since when h/kT < 0.5, equation (37) is
not valid (see the text). S2

LZ was also calculated
numerically using equation (42.1), although the differ-
ence in S2

LZ obtained using either equation (42.1) or (42.2)
is less than 0.02.

The value of S2
LZ for this particular case is given by:

S2
LZ = (3 cos 2u0 − 1)2/4 + 6 sin 2u0 cos 2u0(1 − cosf0)/f2

0

+ 3/8 sin 4u0(1 − cos2f0)/f2
0 (48)

A plot of [SQM(j ) − SCL(j )]/k versus S2
LZ for values of the

moment of inertia, I, set to 1 × 10−46 kgm2, 5 × 10−46 kgm2

and 25 × 10−46 kgm2 is shown in Figure 6b. As in the
previous example, it is clear that for large values of S2

LZ

and for small values of I, SQM and SCL can be significantly
different, although for S2

LZ < 0.95,=SQM − SCL=/k < 0.18. For
S2

LZ = 0.95, [SQM − SCL]/SQM = 0.33 for I = 1 × 10−46 kgm2,
0.06 for I = 5 × 10−46 kgm2 and 0.02 for I = 25 × 10−46 kgm2.
In Figure 6c and d the total value of the entropy,
calculated using either classical (smooth line) or quantum
mechanical (dotted line) approaches, is shown for the
case of I = 1 × 10−46kgm2. In Figure 6c the potential
indicated in example 1 is employed while in Figure 6d
the potential of example 2 is used. It is clear that SQM e 0,
while SCL becomes negative for large values of S2

LZ. Note
that SCL is no longer accurate for these values of S2

LZ, since
equation (10) is not valid in this limit.

The results illustrated in Figure 6 suggest that for large
values of the order parameter it is necessary to consider
a quantum mechanical treatment of the problem. While
this is certainly the case, it must be emphasized that the
point at which SQM and SCL diverge depends critically on
the value of I. The model considered in the present
example is rather simplistic in that it assumes that the
N-HN bond vector is able to rotate freely without
consideration of how such motion might be affected by
neighboring bonds. Because of the partial double-bond
character of the carbonyl carbon–amide nitrogen bond,
the motion of the N-HN bond vector will involve
concerted movement of the amide carbonyl carbon and
carbonyl oxygen atoms as well. The moment of inertia of

particle (Levine, 1974). A straightforward calculation
shows that the probability density is given by:

p(u, f) = 1/f0, u = u0, 0 E f E f0

= 0, u$u0 or f > f0 (44)

where u0 is the angle between the N-HN bond vector and
the N-Ca axis (118o), as before. Calculating the entropy
from classical mechanics gives:

SCL(j )/k = 0.5 + ln f0 + ln4(1/h)(2pIkT)0.55 (45.1)

and:

Sp (j)/k = lnf0 (45.2)

A quantum mechanical solution is accomplished by
noting that the eigenstates are given by (Levine, 1974):

Em = −h2m2/(8If2
0 ), m = 1,2,3, . . . (46)

with the partition function expressed as:

z(j ) = Sm exp4 − h2m2/(8IkTf2
0 )5 (47)

In equation (47) the sum extends from m = 1 to a. Note
that the partition function and hence the entropy
(equation (8)) must be calculated by evaluating the sum
in equation (47) numerically.
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these atoms rotating about the N-Ca bond is calculated to
be 16 × 10−46 kgm2, a factor of 120 times larger than the
value of I for an independently rotating N-HN bond
vector. Thus, at least in these two examples, the classical
and quantum mechanical treatments give similar results
so long as S2

LZ E 0.95.
Figure 7 illustrates the conformational entropy Sp (i.e.

obtained using the classical approach via equation (16)
and neglecting the kinetic energy contribution) versus S2

LZ

profile for the two examples of bond vector motion
considered above. It is of interest to note that the slopes
of both of the Sp curves are similar, indicating that for a
given change in order parameter, reflecting a change in
h or f0 in examples 1 and 2, respectively, the values of
DSp predicted from the two different motional models
will be nearly the same. Note that for both cases the value
of the order parameter can never reach zero (see
equations (43) and (48)).
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